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Vibra&ons	
  energy	
  harves&ng	
  

! 

m˙ ̇ x = " dU(x)
dx

" #˙ x " c(x,V ) + $ z

! 

˙ V = F( ˙ x ,V )

Equa&ons	
  that	
  link	
  the	
  vibra&on-­‐induced	
  displacement	
  with	
  the	
  Voltage	
  

Details	
  depend	
  on	
  the	
  physics…	
  

The	
  model:	
  



Transduc)on	
  mechanisms	
  

Piezoelectric: dynamical strain is 
converted into voltage difference. 

Capacitive: geometrical variations 
induce voltage difference 

Inductive: dynamical oscillations 
of magnets induce electric current in 
coils 
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We	
  focus	
  on	
  Piezoelectric: dynamical strain is converted into voltage 
difference. 

Electrosta&c	
  is	
  more	
  easily	
  scaled	
  but	
  you	
  have	
  to	
  pay	
  a	
  debt:	
  needs	
  a	
  bias	
  voltage	
  

Electromagne&c	
  is	
  more	
  difficult	
  to	
  be	
  scaled	
  down	
  

Transduc)on	
  mechanisms	
  2	
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˙ V = Kc ˙ x " 1
# p

V

Theore)cal	
  model	
  for	
  the	
  stochas)c	
  nonlinear	
  
piezoelectric	
  can)levers	
  

5	
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m˙ ̇ x = " dU(x)
dx

" #˙ x "KVV + $ z

The	
  Physics	
  of	
  piezo	
  materials	
  
applied	
  to	
  a	
  can&lever	
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! 

" p = RLC

Represents	
  the	
  stochas&c	
  vibra&on	
  (force)	
  

Thermal noise 
Acoustic noise 
Seismic noise 
Ambient noise (wind, pressure fluctuations, …) 
Man made vibrations (human motion, machine vibrations,…) 



Linear	
  system	
  
If	
  a	
  linear	
  system	
  is	
  considered:	
  	
  

! 

U(x) " x 2

1)  There	
  exist	
  a	
  simple	
  math	
  theory	
  to	
  solve	
  the	
  equa&ons	
  
2)  They	
  have	
  a	
  resonant	
  behaviour	
  (resonance	
  frequency)	
  
3)  They	
  can	
  be	
  “easily”	
  realized	
  with	
  can&levers	
  and	
  pendula	
  

That’s	
  why	
  people	
  like	
  them	
  most!!!	
  



Ambient	
  
energy	
  

Electric	
  
power	
  

Linear	
  oscillator	
  

A	
  linear	
  system	
  is	
  the	
  most	
  performant	
  if	
  its	
  resonace	
  frequency	
  is	
  where	
  the	
  
incoming	
  energy	
  is	
  abundant…	
  

This	
  is	
  a	
  serious	
  limita&on	
  when	
  you	
  want	
  to	
  build	
  a	
  small	
  energy	
  harves&ng	
  
system…	
  

Linear	
  system	
  2	
  



For	
  two	
  main	
  reasons:	
  

the	
  frequency	
  spectrum	
  of	
  available	
  vibra&ons	
  instead	
  of	
  being	
  
sharply	
  peaked	
  at	
  some	
  frequency	
  is	
  usually	
  very	
  broad.	
  
(as	
  seen	
  in	
  F.	
  Orfei’s	
  presenta&on).	
  

(1)	
  

Accelerometer:	
  
• 	
  Tri	
  axial	
  
• 	
  Bandwidth	
  from	
  0.4Hz	
  to	
  10kHz	
  
• 	
  ±50g	
  
DAQ:	
  
• 	
  102.4	
  kS/s	
  five	
  simultaneous	
  channel	
  
• 	
  4	
  channels	
  with	
  so^ware-­‐selectable	
  
IEPE	
  signal	
  condi&oning	
  
• 	
  USB	
  powered	
  

Signal	
  presenta)on:	
  
• 	
  Descrip&on	
  
• 	
  Power	
  spectrum	
  
• 	
  Sta&s&cal	
  data	
  
• 	
  Time	
  series	
  download	
  (only	
  for	
  authorized	
  users)	
  



The	
  frequency	
  spectrum	
  of	
  available	
  vibra&ons	
  is	
  par&cularly	
  rich	
  
in	
  energy	
  in	
  the	
  low	
  frequency	
  part…	
  and	
  it	
  is	
  very	
  difficult,	
  if	
  not	
  
impossible,	
  to	
  build	
  small	
  low-­‐frequency	
  resonant	
  systems…	
  

(2)	
  

W	
  

l	
  
t	
  

Let’s	
  look	
  an	
  example…	
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Description of the resonator design 
The resonator design is a square shaped block of single crystal silicon with 
dimensions of 320x320x28 um^3 (design H1). Its main resonance mode is the so 
called square extensional (SE) resonance, which is characterized by its zoom-
in/zoom-out oscillation. The resonance is excited by a piezoelectric AlN thin film on 
top of the resonator block. The electrically conductive (p-doped) silicon block acts as 
the bottom electrode, and a molybdenum thin film has been patterned to provide the 
top electrode. See reference [1] for a general description of the SE resonator. 
Reference [2] discusses piezoelectric excitation of the SE resonance mode. 
 
Figure 3 shows how the resonator is recommended to be connected.  

 
Figure 3: Electrical connection of the resonator. 

 
Accurate characterization measurements have not been done for the provided 
samples. Estimates for the equivalent circuit parameters are given in table 1. In 
addition to the equivalent circuit element values, the corresponding resonance 
frequency f0, quality factor Q and coupling coefficient k2eff are given. It should be 
noted that these parameters represent the values that are obtained under atmospheric 
pressure: in vacuum (p < 0.1mbar) the Q-value is typically doubled. 
 

parameter value unit
Rm 128.9606 Ohm
Cm 1.01E-14 F
Lm 0.013691 H
C0 3.00E-11 F

f0 13.5 MHz
Q 9000 1
k2eff 0.04 %

C1 <1e-12 F
C2 <1e-12 F  

Table 1: equivalent circuit parameters (and their derivatives). 
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An example of the frequency response in the vicinity of the main resonance is shown 
in Figure 4. 

 
Figure 4: Frequency reponse of the resonator measured with an impedance analyzer. 
 
It should be noted that there are some parasitic resonances, e.g. at ~ 40 MHz and at 
relatively low (~1MHz) frequencies. Some applications may require specific attention 
to these parasitics. 
 
It should also be noted that for this type of resonator the feedthrough impedance (path 
through C_0) is relatively low (of the same order as Rm). Again, depending on 
application this may be of concern. 
 

Additional infomation 
Please do not hesitate to ask more information related to the provided samples: 
antti.jaakkola@vtt.fi / +358 40 023 1995. 
 
 
References 
[1] V. Kaajakari et al., “Square-Extensional Mode Single-Crystal Silicon 
Micromechanical Resonator for Low-Phase-Noise Oscillator Applications,” IEEE 
Electron Device Letters 25, no. 4 (4, 2004): 173-175.   
[2] A. Jaakkola et al., “Piezoelectrically transduced Single-Crystal-Silicon Plate 
Resonators,” in IEEE Ultrasonics Symposium (presented at the IEEE Ultrasonics 
Symposium, Beijing, China, 2008), 2181 – 2184 
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Whish	
  list	
  for	
  the	
  perfect	
  vibra)on	
  harvester	
  

1)  Capable	
  of	
  harves&ng	
  energy	
  on	
  a	
  broad-­‐band	
  
2)  No	
  need	
  for	
  frequency	
  tuning	
  
3)  Capable	
  of	
  harves&ng	
  energy	
  at	
  low	
  frequency	
  

1)  Non-­‐resonant	
  system	
  
2)  “Transfer	
  func&on”	
  with	
  wide	
  frequency	
  resp.	
  
3)  Low	
  frequency	
  operated	
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Nonlinear Energy Harvesting
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Ambient energy harvesting has been in recent years the recurring object of a number of research efforts

aimed at providing an autonomous solution to the powering of small-scale electronic mobile devices.

Among the different solutions, vibration energy harvesting has played a major role due to the almost

universal presence of mechanical vibrations. Here we propose a new method based on the exploitation of

the dynamical features of stochastic nonlinear oscillators. Such a method is shown to outperform standard

linear oscillators and to overcome some of the most severe limitations of present approaches. We

demonstrate the superior performances of this method by applying it to piezoelectric energy harvesting

from ambient vibration.

DOI: 10.1103/PhysRevLett.102.080601 PACS numbers: 05.40.Ca, 05.10.Ln, 05.45.!a, 84.60.!h

The efficient powering of small-scale electronic mobile
devices [1–3] is still an open problem. Old-style solutions,
i.e., disposable batteries, cannot always be employed due
to a number of reasons, chief among others the practical
impossibility of replacement once exhausted. For such
reasons, a new approach based on the exploitation of
energy harvested where and when available has attracted
considerable attention. Specifically, vibration energy har-
vesting and ambient light exploitation are believed to con-
stitute a potentially viable solution. Ambient vibrations
come in a vast variety of forms from sources as diverse
as wind induced movements, seismic noise, and car’s
motion. Present working solutions for vibration-to-
electricity [4–7] conversion are based on linear, i.e., reso-
nant, mechanical oscillators that convert kinetic energy via
capacitive, inductive, or piezoelectric methods [8–10] by
tuning their resonant frequency in the spectral region
where most of the energy is available. However, in the
vast majority of cases, the ambient vibrations have their
energy distributed over a wide spectrum of frequencies,
with significant predominance of low frequency compo-
nents, and frequency tuning is not always possible due to
geometrical or dynamical constraints [10,11].

To overcome these difficulties, we propose a different
approach based on the exploitation of the properties of
nonlinear (i.e., nonresonant) oscillators. Specifically, we
demonstrate that a bistable oscillator, under proper oper-
ating conditions [12] can provide better performances
compared to a linear oscillator in terms of the energy
extracted from a generic wide spectrum vibration. In fact,
a nonlinear oscillator, as the one that we discuss here, by
default can present a wide spectral response (much wider
than a linear or resonant one) and can be operated in such a
way that its frequency response matches more closely what
is available in the environment. In this regard, we point out
that we are dealing here with open systems far from
equilibrium, and the energy conversion mechanism is af-

fected by both the spectral distribution and by the intensity
of the vibrational energy available and is directly con-
nected to the amplitude of the motion of the oscillating
elements. Moreover, we note that the dynamical features
discussed here are not limited to the sole piezoelectric
energy conversion but can be applied also to other prin-
ciples, e.g., capacitive and inductive.
For the sake of demonstration, we realized a toy-model

oscillator made by a piezoelectric inverted pendulum
(Fig. 1) where on top of the pendulummass a small magnet
(tip magnet) has been added. The effect of ground vibration
force is reproduced by applying a properly designed mag-
netic excitation on two small magnets attached near the
base of the pendulum. Under the action of the excitation,
the pendulum oscillates, alternatively bending the piezo-
electric beam and thus generating a measurable voltage
signal. The dynamics of the inverted pendulum tip can be
controlled with the introduction of an external magnet
conveniently placed at a certain distance ! and with po-
larities opposed to those of the tip magnet. The external
magnet introduces a force dependent from ! that opposes
the elastic restoring force of the bended beam. As a result,
the inverted pendulum dynamics can show two different
types of behaviors as a function of the distance !.
Specifically, when the external magnet is far away, the
inverted pendulum behaves like a linear oscillator whose
dynamics is resonant with a resonance frequency deter-
mined by the system parameters. This situation accounts
well for the usual operating condition of traditional piezo-
electric vibration-to-electric energy converters [6]. On the
other hand, when ! is small enough, two new equilibrium
positions appear. The random vibration makes the pendu-
lum swing in a more complex way with small oscillations
around each of the two equilibrium positions and large
excursions from one to the other. In order to quantify the
energy produced by the piezoelectric oscillator, we com-
puted the power dissipated in a purely resistive load, by
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Considering	
  a	
  Duffing	
  oscillator:	
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transform mechanical motions directly into electricity by exploiting the ability of active materials and some mechanisms
to generate an electric potential in response to mechanical stimuli and external vibrations [10–12].

However, there are still two major issues limiting the efficiency of energy harvesters. First, traditional linear energy
harvesters have a very narrow frequency bandwidth and, hence, operate efficiently only when the excitation frequency is
very close to the fundamental frequency of the harvester. Small variations in the excitation frequency around the
harvester’s fundamental frequency drops its small energy output even further making the energy harvesting process
inefficient. Second, most environmental excitations have a broad-band or time-dependent characteristics in which the
energy is distributed over a wide spectrum of frequencies or the dominant frequencies vary with time. Together, these two
factors have a negative influence that reduces the output power and hinders the efficiency of the harvester.

To resolve these two issues, a large portion of the energy harvesting research is currently directed towards designing
harvesters capable of scavenging energy from non-stationary and random excitations [13–21]. One proposed solution is
based on purposefully introducing nonlinearities into the harvester’s dynamics [22–24]. A class of such harvesters utilizes
a nonlinear compliance to extend the coupling between the environmental excitation and the harvester to a wider range of
frequencies. The nonlinearities can be introduced using nonlinear magnetic levitation [18,20], Fig. 1(b), or by other design
means [25], Fig. 1(a).

In general, such harvesters can be modeled as a uni-modal duffing oscillator whose equation of motion can be
written as

€xþ2zeff _xþxþbx3 ¼ FðtÞ (1)

where x denotes the displacement, zeff is an effective damping ratio that accounts for both electrical and mechanical
damping, b40 is a stiffness nonlinearity coefficient, and F(t) is an external excitation. When the excitation is harmonic
with a fixed frequency, the nonlinearity bends the steady-state frequency-response curves towards larger frequencies as
shown in Fig. 2(a). Consequently, the coupling between the excitation and the harvester is extended to a wider frequency
range. In addition, as a result of the nonlinearity, a region of multiple solutions is born. Specifically, for a certain range of
frequencies, three branches of solutions co-exist. It is still not clear how the presence of such regions of multiple solutions
influences the performance of the harvester especially under random and indeterministic excitations.

A quick look at the power spectral density curves of x(t) under White Gaussian excitations, see Fig. 2(b), reveals that the
nonlinearity causes the spectral amplitude to decrease, shifts the peaks towards larger frequencies, and broadens the
spectral response. To investigate the implications of these effects on the expected value of the output power, this effort
aims at delineating the role that stiffness-type nonlinearities play in energy harvesting under random forced excitations.
Specifically, we want to understand whether the broadening of the spectral density curves can aid in the transduction of
energy harvesters under realistic excitations and whether the common steady-state fixed-frequency analysis currently
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Fig. 1. Schematics of two uni-modal duffing-type harvesters.
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Fig. 2. (a) Steady-state frequency response curves of Eq. (1) under harmonic excitations of a fixed frequency and (b) power spectral density curves of xðtÞ
under White Gaussian excitations of a fixed spectral density.
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transform mechanical motions directly into electricity by exploiting the ability of active materials and some mechanisms
to generate an electric potential in response to mechanical stimuli and external vibrations [10–12].

However, there are still two major issues limiting the efficiency of energy harvesters. First, traditional linear energy
harvesters have a very narrow frequency bandwidth and, hence, operate efficiently only when the excitation frequency is
very close to the fundamental frequency of the harvester. Small variations in the excitation frequency around the
harvester’s fundamental frequency drops its small energy output even further making the energy harvesting process
inefficient. Second, most environmental excitations have a broad-band or time-dependent characteristics in which the
energy is distributed over a wide spectrum of frequencies or the dominant frequencies vary with time. Together, these two
factors have a negative influence that reduces the output power and hinders the efficiency of the harvester.

To resolve these two issues, a large portion of the energy harvesting research is currently directed towards designing
harvesters capable of scavenging energy from non-stationary and random excitations [13–21]. One proposed solution is
based on purposefully introducing nonlinearities into the harvester’s dynamics [22–24]. A class of such harvesters utilizes
a nonlinear compliance to extend the coupling between the environmental excitation and the harvester to a wider range of
frequencies. The nonlinearities can be introduced using nonlinear magnetic levitation [18,20], Fig. 1(b), or by other design
means [25], Fig. 1(a).

In general, such harvesters can be modeled as a uni-modal duffing oscillator whose equation of motion can be
written as

€xþ2zeff _xþxþbx3 ¼ FðtÞ (1)

where x denotes the displacement, zeff is an effective damping ratio that accounts for both electrical and mechanical
damping, b40 is a stiffness nonlinearity coefficient, and F(t) is an external excitation. When the excitation is harmonic
with a fixed frequency, the nonlinearity bends the steady-state frequency-response curves towards larger frequencies as
shown in Fig. 2(a). Consequently, the coupling between the excitation and the harvester is extended to a wider frequency
range. In addition, as a result of the nonlinearity, a region of multiple solutions is born. Specifically, for a certain range of
frequencies, three branches of solutions co-exist. It is still not clear how the presence of such regions of multiple solutions
influences the performance of the harvester especially under random and indeterministic excitations.

A quick look at the power spectral density curves of x(t) under White Gaussian excitations, see Fig. 2(b), reveals that the
nonlinearity causes the spectral amplitude to decrease, shifts the peaks towards larger frequencies, and broadens the
spectral response. To investigate the implications of these effects on the expected value of the output power, this effort
aims at delineating the role that stiffness-type nonlinearities play in energy harvesting under random forced excitations.
Specifically, we want to understand whether the broadening of the spectral density curves can aid in the transduction of
energy harvesters under realistic excitations and whether the common steady-state fixed-frequency analysis currently
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Fig. 1. Schematics of two uni-modal duffing-type harvesters.
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Fig. 2. (a) Steady-state frequency response curves of Eq. (1) under harmonic excitations of a fixed frequency and (b) power spectral density curves of xðtÞ
under White Gaussian excitations of a fixed spectral density.

M.F. Daqaq / Journal of Sound and Vibration 329 (2010) 3621–36313622

Power	
  spectral	
  density	
  curves	
  of	
  x(t)	
  under	
  
White	
  Gaussian	
  excita&ons	
  of	
  a	
  fixed	
  
spectral	
  density.	
  



A general monostable 
potential 
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U(x) = ax 2n
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Numerical	
  simula&on	
  with	
  an	
  
exponen&ally	
  correlated	
  noise	
  with	
  
correla&on	
  &me	
  τ:	
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a > 0
n =1,2,...
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There	
  exists	
  a	
  threshold	
  amplitude	
  ath:	
  

Above	
  which	
  the	
  nonlinear	
  system	
  
outperforms	
  the	
  linear	
  one.	
  



Varying the noise amplitude 
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Once	
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linear	
  (n	
  =	
  1)	
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  nonlinear	
  poten&al	
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In collaboration with 
CEA-Leti we are 
investigating 
µcantilevers dynamics 

some are nonlinear 



SiN	
  1µm	
  

Bofom	
  0.1µm	
  

Top	
  0.05µm	
  
PZT	
  0.12	
  µm	
  

Si	
  substrate,	
  etched	
  by	
  XeF2	
  	
  (etching	
  from	
  the	
  surface)	
  

Scheme of the cross section of one cantilever 

Typical	
  electrical	
  features	
  
•  Max	
  voltage	
  sustainable:	
  5-­‐7V	
  
•  e31	
  PZT	
  =	
  -­‐5C/m²	
  
•  Dielectric	
  constant	
  PZT:	
  1000	
  



New (nonlinear) membranes from VTT 

Mo 100nm

AlN 300/1000nm

Mo 500nm

AlO 50nm

Free-standing AlO/Mo/AlN/Mo membranes
• Good overall quality across the wafer, low roughness, no defects

Cross-sectional
SEM images of 
free-standing
membranes



New (nonlinear) membranes from VTT 

Centre

Edge

AlN, 300 nm
thick

membranes
2x2 mm2

Mo/AlN/Mo sandwich on 150 mm wafer
•Strain varies radially across the wafer



Conclusions 

1)   Non linear mechanical oscillators outperform linear ones in 
noisy environments; 

2)   Non-linear systems are more difficult to treat but more 
interesting… 

3)   Bistability is not the only nonlinearity available; 

4)   The same principles are also valid for capacitive and inductive 
harvesters; 

5)   A great amount of work has still to be done especially at small 
scales!!! 


